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Ecin B KpHOXHpypruveckoii NpakTuke NpH OXJAKICHHH MOBEPXHOCTH OMOJOTMYeCKOH TKAHM HCIOJIb3YyeTcsl
KPHOMHCTPYMEHT, KOTOPbIii MpeacTaBisieT co00ii Kpyr wiu moaycdepy, To TeMmepaTypHoe moJie o0jaaaer
0CeBOil CHMMeTpHeii, M, CJe10BaTeIbHO, 3aBHCHT TOJbKO OT JBYX HPOCTPAHCTBEHHBIX KOOPIMHAT.
Ipemnnaraemasi pa6oTa MOCBSAIIEHA TAKMM JBYMEPHBIM 3a/1a4aM €O CBOOOJHBIMH IPAHHIAMH BO3HHKAIOIINX
NpU MATEMATUYECKOM MOJAeTUPOBAHUM MeJIMIHHCKHX NMPodjeM. B pabore paccMOTpeHBI HOBBIE MOCTAHOBKH
JABYMEPHBIX ABYX(}a3HbIX 32124 CO CBOOOJAHBLIMH rPAaHUUAMH B c(epHUECKOll M HUIUHIPUYECKOI cHcTeMax
KoopauHat. s chopMyTMpoOBAHHBIX 32724 MOJyYeHbI TOCTAHOBKH CTAMOHAPHLIX 3a4a4. B ciyuae korma npu

MOHOTOHHO MOHMIKaIOIIeiicst A0 HEKOTOPOro mpefeJbHOI0 3HAYeHHs TeMIlepaType anmHKaTopa
MaKcHMaJibHble pa3Mepbl 30H KPHONOPA:KEHHs, 3aMOPAKMBAHUS M TeIJIOBOr0 BO3MYILIEHHS JOCTHraloT
CTAIIMOHAPHOIO COCTOSIHUS, NMOJy4eHbl COOTBeTCTByMOIIHe cranMoHapHble 3agaun  Credana. J[las

nojaychepnyeckoil oxyaxaawNiecss MOBEPXHOCTH KPHO30HAA Moay4eHa AByX(pasHas 3amada tuna Credana.
HexoTopble ycnoBHSI peryisipHOCTH HAa 0eCKOHEYHOCTH 3aMeHEeHbl KpaeBbIMH YycjaoBusMu Jlupuxie uian
Heiimana. TemnepaTrypHoe moJie ompeeaeHO TOJbKO B BO3MYINEHHOH B TeIIOBOM OTHOLIEHHH 00JacTH
Onostornyeckoii TkaHu. IIpu orpaHUYeHNAX HA 30HBI TEIIOBOI0 BO3MYIIEHHSl IOJIY4eHbI MOCTAHOBKH 32124
Credana a1s nosyorpaHuueHHbIX cpel. ITony4deHHbIe pe3yabTaThbl MOKHO NIPMMEHUTDh NPH KOHCTPYHPOBAaHMH
H COBEPIICHCTBOBAHNY KPHOUHCTPYMEHTOB.

KiroueBble ciioBa: TeMmneparypHoe Ioje, 3ajada co CBOOOAHBIMH I'paHMIAMH, NByX(]aszHas 3ajaya, HUIMHAPHYECKas
cucTeMa KOOpAMHAT, cheprudecKasi CHCTeMa KOOPANHAT.
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If cryosurgical practice while cooling the surface of the biological-ecological fabric usesa devicethat isacircle or
a hemisphere, the temperature field has axial symmetry, and therefore only depends on two spatial coor dinates.
The proposed work focuses on two-dimensional problems with free boundary-mi arising in the mathematical
modeling of medical problems.The paper considers new productions of two-dimensional two-phase problems
with free boundaries in spherical and cylindrical systems of coordinates. For the formulated problems obtained
performances for stationary, cottages. In the case when a monotonically decreasing up to some limitstion values
of the temperature applicator maximum sizes of the zones of crypo expression, freezing and thermal
perturbations reach a stationary state corresponding stationary Stefan problem. For hemispherical cooling the
surface of the cryoprobe is captured on the two-phase Stefan-type problem. Some conditions of regularity at
innity replaced by Dirichlet boundary conditions or Neumann. Tempe-temperature field is defined only in
perturbed in thermal relation to the field of biological tissue. With limitation of the heat zone Osmosetion, the
resulting formulation of Stefan problems for semi-infinite media. The results can be applied in the design and
improvement of cryoinstruments.

Keywords: temperature field, the problem with fleEmindary, two-phase task, cylindrical coordinatetesy, spherical
coordinate system.

B pabore paccMaTpuBaroTCsi HOBBIE IOCTAHOBKM JBYMEPHBIX ABYX(azHbIX 3a4ad Co
CBOOOJHBIMU TpaHUIAMH B LWIMHAPUYECKOM U  chepuueckod CcUCTeMax KOOpIUHAT.
[TocraBnennsle 3agaun Ctedana He copepikaT HAYAJIBHBIX YCIOBHI, TaK KaK TEMIEpaTypHOE 1oJIe

OIMPCACIIACTCA TOJIBKO B BO3My1J.ICHHOﬁ B TEIJIOBOM OTHOIIIEHHH 00JaCTH OMOIOTHYECKOI TKAHH.



[Ipu orpaHuuYeHUsX Ha 30HBI TEIJIOBOIO BO3MYIIEHHS  MOJy4YeHbl MOCTAaHOBKU 3a]ad
Credana 1ig MOMYyOTpaHUYCHHBIX Cpel. YCIOBHUS PErylsIpHOCTH Ha OECKOHEYHOCTH NpHU
JOCTAaTO4YHO 6OJII>H_II/IX S3HAYCHHUAX 30HaX TCIIJIOBOI0 BO3MYUICHUSA 3aMCHCHBI KpacBbIMU
ycnoBusimu [{upuxie wiu Helimana.

1. OcecumMMeTpUYHAS KPHOAECTPYKIMS

Ecnu oxnakparomiasi MOBEPXHOCTh KPUOMHCTPYMEHTA IMPEACTABISET COOOW KpYr HIIH
nosrycdepy, 4To HanboJiee 4acTo BCTPEUYACTCsI B KPHOXHPYPIHUSCKON MPAKTHKE, TO TEMIIEpATypHOE
nojie B OMOTKaHU OO0NaJaeT OCeBOM CHMMETpHUEW U, CIEeJI0BaTEeNbHO, 3aBUCUT TOJIBKO OT JIBYX

MPOCTPAHCTBEHHBIX KOOpAWHAT. B mUIMHApUYECKOW cHCTeMe KoopauHat - @, U 2, B
cepuueckoii oT I u © . Bocnoab30BaBIIMCH BRIPAKESHUAMU IS TPAJUECHTA B LIMJIMHIPUYECKOM:
gradT =T, I, +r 7T, 1, +T,1,
U chepuyuecKoil:
OT =TI, +r*T,I, +(rsin@)™T,I.
rla o'2 '3
CHUCTEMAax KOOPAMHAT, IOJYy4YaeM BBIPAXKECHHSA Ul HOPMAIM K H30TECPMUYECKOHW IOBEPXHOCTU

CD(r,z,t)ZCD(r,G),t) €e KaXyIIeHCs CKOpPOCTM B HaIpaBlIeHUM HopMmanu V, =—@, /|DCD| u

IPOU3BOJHOM a%n* (DT, ﬁ) :

A=00/00 = (-7, <1, + T, N1+ 22 = (I, -R,* T, )/J1+ R?,

v,=z/ \/ﬁ =R /m :

o =T %z +T,)1+2° =(T, =R, *T,)/ {1+ R?,

(CD(r, z,t) =z- Z(r,t) =r- R(z,t) = O);

A= (rl -R,*1, /r)/1/1+ (Ry /1) = (— re, * I, + TZ)/\/1+ (ro, ),

V, =R {1+ (R, /1)* =0,/1+(rO, )%,

oT/ =(T, =Ry * To /12 )11+ (Ry /1) =(-10, * T, + T, /1)14/1+(r®,
(o(r,0,t)=r -R(O,t)=0-0(r,t) = 0).

C nomompio  3TUX  (QOpMyN  JIETKO  3alUCHIBAIOTCS  YCJIOBUSL  COIPSDKEHUS
[A0T/on] =-pvi,[10T/on],=-pv] u  yemowe ~ OT/0N=0  wma  moBepxHOCTH
@, (r,zt)=d,(r,0,t)=0.

B ciydae muiockoro KpyroBoro aniuIMKaTtopa TeMIIEpaTypHOE MOoJie MOKHO paccMaTpuBaTh
KaK B IWJIMHIApUYECKON T = T(r, Z,t), Tak u B cepuyeckoir T =T(r,@,t) CUCTEMaxX KOOpAMHAT.
Ecnmu ke oxnaxknamomias I[OBEPXHOCTh IpeAcTaBiseT coboil momycdepy pammyca fr,, TO

NPEANOYTUTENbHOW  ABIseTcs cdepuyeckas cucTeMa KOOpPJMHAT, TaK Kak IOBEPXHOCTh



OMOJIOTMYECKON TKaHU COBMAJaeT C KOOPJMHATHBIMM IIOBEPXHOCTAMH [ =T Oses% u

% ur,<r<R® ( /2 ) Wtak, ecay KpuoaeCcTPpyKLUs OCYILECTBISETCS MIIOCKUM KPYrOBBIM

KPHO30HIOM, TO IS T(r, Z,t) U COOTBETCTBYIOIIMX M30TEPM IMOJYYaeM HECTAI[MOHAPHYIO 3a7a4y
Credana [1-3]:

AT - 12T o¢(rzt)<0AT—iT- ""(T) or,zt)<0;
a a’ A

AT - iT_ @ s(r.zt)<0,

2
AT-li(ra—Tj#’ T,
ror\ or) az°

A(T)%—a[T—Tc(r)]:o,z:o,o<r<RB(o,t)t>o,
3: Or=00<z<2z" (rt)T Tz> 7" (rt)t>0

Al -] 2 =-pz . z=2(r 1)
AT ], -], R =-prMr =R (2t)[T], =0
AL =T ] 2= -pzz=2(r 1),
A L -AMT]* R =-pR.r = RYz)[T], =0,
T,-T.*2°=0,z=2°(r,t);T, -T,*R® =0,r = R®(z,t),
M HECTAal[MOHAPHYI IMPOCTPAHCTBEHHO JIOKAlW30BaHHYIO 3amady Credana B ciydae
norychepruyecKkor 0XJIaxaaroIIeii TOBEPXHOCTH KPUO30H 1!

AT_ith =0,0,(r,0,t)< O,AT—%Tt = —@,Cbu(r,@,tk 0
a A

AT-=T, =-W(T)/1,®,4(r,0,t)<0;

=133 _L 1 (4o lT)
or r?sin® 00 00

oT
2’90

A(T)%+UC[T—TC(r)] =0,0="7,,1,<r <R° (%,t)T =T,r2R%(0,t),
], -DT ] Re /2 =-pRYr = R'(©,1),
ST -hT ], s =-pere=er(ra)[1], =

AT ] -] Ro 1r2 = -pREr = RY(@,t)
M)/ r2 -la(m ]+ ©F =-per,@ =elrt)[T],= o
T -T,*RE/r2=0r=R®(©,t),T,/r>-T,0° =0,0 =0°(r,t).

AN g, (1-T,)=0r=r,0<0<7:; 9 =g0=0r, <r <R®(01),



OtmeruM, 9TO MocTaBieHHbIe 3agaun  CredaHa He CoAep)KaT HadalbHBIX YCIOBHM, TaK Kak
TeMHepaTypHoe I10JIC OHpeI[eHHeTCH TOJIBKO B BO3My1].[eHHOﬁ B TCIIJIOBOM OTHOIIICHUHN OGHaCTI/I
OUOJIOTMYECKON TKAHU Q(t) , BRIposkaaronieics mpu t =0, mesQ(O) =0

a—T—Or—Oz>Ot>O
or

im(T,T)=0,t>0
WL -Wr ] * 27 =-pz\ z=27(r 1)t >0
AT L -DT ] R =-pREr =RYzt)t >0,

rie a(T)=a, +(@-a, )n(r-a),7,(r)=T, +(T T )7( - a).

B cmywae momycdepudeckoil OXIaKaromielics MOBEPXHOCTH KPUO30HIA MPUXOIUM K

crienyonie aByxdasnoit 3amaye Credana [4; 5]:

o(r,0,t)=r -R(0,1)=0-0"(r,t)=0r >, 0<0O<77,:

ii[rza—Tj t 9 [ @a—Tj— LT oo “r,ot)<0t>0,
r

2or ar) r?sin@0® ) a’ot
10(.,0T 1 0. _dT) 10T_ 1 .
2ol o —|SiN@—— |- —=-=wWT),®(r,0,t)>0t>0,
rzdr[r arj+rzsin®a®[5m a@j 32 ot /]W() rot)>0t>
T(r,@,O):T,r>rO,O<@<%;

oT
AT -au(T-Tu)=0r=r0<0<7t>0

AT )g—:-+ao(T T) O,O:%,r>r0,t>0,

aT
90

AT L -ANTL* RS =-pREr =RA@.0)t>0
2L - DT ] * 07 = -pe.e =00t >01], =0

9 —0@=0r>r,;lim{T-T)=0t>0,

JlanpHeliee  ympouieHWe 3ajad CBSA3aHO C IMEPEeXO0J0M OT HEOTPAaHWYEHHBIX 00JacTel
Z>O(r >rO,O<®<%) k kBagpary 0<r,z<d u cekropy I, <r <a,0<®<%.
C onpeneneHHONM TOrPEUIHOCThIO YCJIOBUS PETyIIPHOCTH Ha OECKOHEYHOCTH MpH
JOCTaTOYHO OOJBIIMX 3HAYCHUSIX 0 W @ MOYKHO 3aMEHHUTh KPaeBBIMU yCI0BUsIMH J{upuxiie
T(d,zt)=T,T(r,d,t) =T; T(a,©,t) =

niau Hetimana

a%r =0,r =d,a-%zzo,z=d;a-%r =0,r=a

[Tocnennee, O4eBUAHO, PAaBHO HYJIO B Clydae MPOCTPAHCTBEHHO JIOKAIM30BAHHBIX 3a7ad

Credana, ecinu 30HBI TEIJIOBOIO BO3MYILIEHUS MPEBOCXOJAT MaKCHUMAaJbHBIM pa3mep



YCTAaHOBUBIIEHCS CTAIlMOHAPHOW 30HBI TEIJIOBOTO BO3MYIIEHUS OWOJIOTHYECKON TKaHH, BHE

KOTOPO# TeMIiiepaTypHoe mnose nocrosano 1 =T =36.7C.
2. CtanMoHapHbIe 321241 0CECUMMETPUYHONH KPUOAECTPYKIHH OHOTKAHU
IIpu 3agaHHOM MOHOTOHHO TMOHMXKAIOLIECKWCS O HEKOTOPOro IMpEeAeIbHOTO 3HAYEHHUS
TeMIepaType  amnmiaukaropa [, (t) - T, <T,,T, (t)s 0O  MakcuManmbHBIE  pa3Mepbl  30H
KPUOTIOPAXKEHUSI, 3aMOPAXUBAHUSI U TEIUIOBOTO BO3MYIIEHHUS JOCTUTAIOTCS B CTAllMOHAPHOM
— O — O o
COCTOSIHMH, KOTJa T(p,t) = T(p) nun o (p,t)— ® (p) Jns onpenenenus napsl GyHKInR T( p) u

GDD(p) MoJIy4aeM COOTBETCTBYIOIINE cTaroHapHbie 3a1aun Credana [6]:

19 ( aT), 9°T _1 :
rar(rar] o w(T)y(T T9)0<r,z<d,

A(T)%—a(r)[T—To(r)] =0,z=00<r< d,‘;—r =0r=00<z<d,

T=T,z=d0<r<d:T=T,r=d0<z<d:

AT L -7 ] * 2P =02=2"(r)0<r <4,

AT ] -[A(M)T,]* RO=0,r =R(2)0<z<d;[T], =0,
B ClIy4ae KpyroBOTO anruinKkaropa u

10( ,0T 1 9 ~w(T)
T"_O j ('@aej ST -1 <r <ap<o<7,

2 or or ) r?sin® 0O

oT

/I(T)E—GA(T—TA)=O,r =1,0<0 <7,

A(T):a—;+ao(T T) 0,(9:772,r0 <r<a,

oT .
ﬁ_oe or,<r<aTs= Tr—a0<®</2,

1

WL - S DL RS =or =R (@)o<0 <773,
AT, 5 r2=[A(T)T, ], * e =00=0"()r, <r <a[T],=0,

B ciydae mojaychepudeckoro ammiukatopa. I[Ipy d =a=c0 npuxoamMm K MOCTAaHOBKAM 3ajad

Credana 115t IoyorpaHudeHHbIx cpen 2>0u r >r,, —71/2<0 < 71/2.
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