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HccnenoBanne Ha pa3peliMMOCTh HeKJIACCHYECKMX KpaeBbIX 3a/1a4 /ISl 00bIKHOBEHHBIX AH(depeHIHANBHBIX
YPABHEHHII BTOPOro MOPSiAKa M pa3pad0oTkKa YHCIEHHBIX METOAOB HX pelleHHs NPHBOAUT K He00XOIUMOCTH
MOJy4eHHs] OLCHOK PpelleHHii JIOKAJIbHBIX KPaeBbIX 3a/a4 JJA J3THX YPAaBHEHHWiH. AHAaNOrM4Hasi mpodeMa
BO3HHKAeT TNPH PpelleHHH KpaeBbIX 3a/a4 I HArpyxkeHHbIX AuddepeHIHATBHBIX YPaBHEHHIl B
auddepeHINAILHON 1 KOHEYHO-PA3HOCTHOM NMOcTaHOBKAX. JlaHHAA pa0doTa MOCBsIEHA HCCIeI0BAHUIO TPeThel
KpaeBoil 3amxauu Ans oneparopa Illtypma-JImysunnsa. IIpum ompengeneHHBIX YCJIOBHSAX HAa BXOJAHbIe JaHHBIE
3a/1a4d MOJTy4YeHAa MOTO4Ye4YyHAs OLeHKAa pemleHus. B padore Takike mosydyeHa anmpHOpPHAasi OLleHKAa  pelleHUs
3aj]aud B PABHOMEPHOI MeTpHKe, KOTOpPasi yCHINBaeT U3BECTHYI0 PABHOMEPHYIO oLleHKY. Pe3yabTaThl padoThl
MOJIy4eHbl € HCNOJb30BAHHEM MpeICTaBJIeHUs pelleHHs 3aJayd ¢ MoMombl0 (GpyHkuuu I'puHa M M3BECTHBIX
auddepeHINAILHBIX HEPABEHCTB, B YACTHOCTH, TeopeMsbl cpaBHenus ltypma.

KiroueBbie cioBa: kpaeBas 3ajaya TpeThero poaa ais oneparopa llItypma-Jluysuss, Teopema cpasaenus Lltypwma,
MTOTOYEYHAS OICHKA PEIICHHs, PABHOMEPHAs OIICHKA.

ESTIMATES OF SOLUTIONS OF THE THIRD BOUNDARY VALUE PROBLEMS FOR
LINEAR DIFFERENTIAL EQUATIONS OF SECOND ORDER
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Study on the solvability nonclassical boundary vale problems for ordinary differential equations of the second
order and the development of numerical methods fosolving them makes it necessary to obtain estimates
solutions of local boundary value problems for thes equations. A similar problem arises in the solubin of
boundary value problems for loaded differential eqations in differential and finite-difference formulations. This
work is devoted to the third boundary value problemfor the Sturm-Liouville. Under certain conditions, the
input data of the problem is obtained pointwise egtnhate of the solution. The paper also received a fri estimate
of the solution of the problem in the uniform metric, which enhances the well-known uniform estimateThe
results obtained using the representation of the &ation of the problem with the help of Green's fungions and
known differential inequalities, in particular, comparison theorem Sturm.

Keywords: boundary value problem of the third kiied the Sturm-Liouville theorem Sturm comparisoljnwise
estimate of the solution, the uniform estimate.

HccnenoBanne Ha pa3pelIMMOCTh HEKJIACCHMYECKHUX KpaeBBIX 3aad JUIsl OOBIKHOBEHHBIX
g depeHIMaTbHBIX YpaBHEHUH BTOPOTO MOPSAKA U pa3padoTKa YMCICHHBIX METO/I0B UX PELICHHUS
MPUBOJUT K HEOOXOIMMOCTH TIONYyUYEHUS OIEHOK PEIICHUH JIOKAThHBIX KPACBBIX 3a4ad IS ITHUX
YPAaBHEHUH.

AHarnoruyHas mnpoOjiemMa BO3HHMKAaeT MPH PEHIeHHHM KpPaeBbIX 3a/Jad Jjs HarpyXeHHBIX
mudepeHInanbHBIX YpaBHEHUH B T depeHITnanbHON U KOHEUHO-PAa3HOCTHOM MTOCTaHOBKAX.

B Hacrosimeii pabote uccienyercs MoBeACHUE PEIICHUs KPAeBOM 3a/1a4ll TPETHETO pojia
(k(u) — glu = —f(x), 0<x<1, 1)
—k(0)u'(0) + byu(0) = 0 (2)

k(Du'(1) + byu(1) =0, (3)



rne k(x) € c10,1], g(x),f(x) € C[0,1],

0<ci<k(x)<c,, 0<go<gx)<g scroayHa [0.1],ab; ¥ b, TOJTOKHUTEIHHBIC YHCIIA.
Kaxk usBectHo [3,4], 3ama4a (1)-(3) onnosnauno paspemmma B ki1acce Gyaxmuu C2[0,1], nmpu sTom

HMECT MCCTO allpruOpHAas OLICHKA

llle < = Nflle @)
Jo
B nanHoit paboTte OymeT moaydeHa MoToYedHas OIcHKa perrenus 3agadu (1)-(3), a Takke
arnpuopHast OlleHKa, ycunBaromias (4).
[TpuBeneM HE0OXOIMMBIE CBEICHUS /ISl PEIICHUS TOCTABICHHOHN 3a/a4Hu.

PaccmoTrpum aBa ypaBHEHUS!

(1 (Du) + g1 (x)u =0, (5)
(P2()u) + g (x)u = 0, (6)
rae pyakuuu p;(x) u q;(x),i = 1,2 BeliecTBEHHBI ¥ HEMPEPHIBHBI HA HHTEPBAJIE | U
p1(x) = py(x) > 0,q,(x) < q,(x). (7)

[Tpu T ycnoBusx ypaBHenue (6) HaszpiBaeTcst MmaxkopanTtoii Llltypma [5] ans ypaBuenus (5) na J.
Teopema 1. Ilycmv kosppuyuenmor ypasuenuu (5) u (6) menpepvisnor na (xq,l], u nycmo
ypasuenue (6) sensiemcs masxcopanmou lImypma (5). I[lpeononoscum, umo uq(x) u u,(x)
sensiomes pewenusimu  ypasuenuit (5) u (6) coomeemcmeenno, 6cody na ompeske [ xg,l]
Y00811emBOpAem COOMHOUEHUSM:

w (Dw () >0, up(D)uy(x) >0,

U 6 mouke X = Xy 8blNOJIHEHO HepaBeHCmeo

b1 (x)ui (x0) > b2 (xo)ué (x0)

u(x) U, (%) >0

Tozoa

w () _ U2 ()
O] < [m]“l, Xo <x<1. (8)

Jloka3aTenbCTBO TEOPEMbI IPUBOAUTCS B [1].
Jlns nonydenus ouenku (5) Oynmem monb3oBatkes [4] npencraBnenuem pemeHus 3aaadun (1)-(3) B

BUJIE

u(é) = [G(x O (Walx ©

rae G(x,&) —dyaknus ['puHa TpeThel KpaeBoi 3a1auu.

Oyukuust G (x, &) onpenensercs mo hopMmylie



1 a(é)r(x), 0sxs<é,
Gx<) :6 (10)
r(é)q(x), &{<x<1,

rae r(X), q(X)- pemeHust 3amau
(k()r) —glx)r=0, 0<x<1, (11)
—k(0)r'(0) + byr(0) =0, k(Dr'(1) + b,r(1) =1,

(k(x)g) —gx)g=0, 0<x<1, (12)
—k(0)q'(0) + b;q(0) =1,  —k(1)q'(1) + bq(1) =0,

a nocrosiaHas C B (9) onpenensiercs mo Gopmyiie

C =k($)A(r(<).a(<s)).

BBenem oOo3HaueHne A = \/CE U U3y4uM cBoiicTBa perienuit 3ana4 (11) u (12). Iemma.l Ilycme
2

k(x)€ C'[0,1], f(x),g(x) € C[0,1],0 < g° < g(x) < g.
Toeoa pewenue 3adauu (11) 6yoem nonoscumensvroti, cmpozo sospacmaroweti Ha [0,1] pyuryueil.

Ipu smom ons ecex x € [0,1] umeem mecmo nepaserncmeo

1 [Ak(o)ch(lx)+blsh(lx) %f
b1+b2+g lk(O)Ch(A)+b1 Sh(ﬂ.)

< r(x) (13)
Jlns mokaszarenbcTBa HepaBeHcTBa (13) mpuMeHHM TeopeMy 1, MPUHSB B HEPaBCHCTBE
(8) B kauecTBe U, (x) pemenue r(x) 3agaun (11),a B kauectse U, (x)- pemenune y(x) 3agaun
(c2y () —gy=00<x<1, (14)
y(0) =1(0),y'(0) = r'(0).
B cuny HepaBeHCTB ¢, = k(x), —g < —g(x), ypasuenue (11) sBisercs maxopantoit IlITypma

ypaBHenus (14). EnuncTBeHHBIM pernenueM 3aaaun (14) spnsercs GpyHkums

y(x) = r(0)ch(Ax) + @sh(/lx),

KOTOpPYI0, MCHOJIB3Ys JieBoe KpaeBoe ycnoBue (11), mepenuiieM B BUe

y(x) = 7(0) |ch(ax) + 2

k(0)

sh(1x))|. (15)

Iockombky uncna A, r(0), 7'(0), k(0), b; MOTOKUTENBHBI, TO HETPYAHO MOKA3aTh, YTO

y(x) Oyner moaoKUTENBbHOM, CTporo Bodpactatotieii Ha [0,1] dyrkuueit. OueBuaHO, YTO

BRONSON
=0y ©) = kOr ()




Takum 00pa3oMm, BbIMOIHEHBI Bee ycioBusi Teopembl 1. Toxcramss B (8) dynkiwm r(x) u y(x)
BMECTO Uq (X) U Uy (X), ¥ yIUTHIBAS, YTO B JAHHOM CIIydac
m, = mink(x) = ¢;; M; = maxc, = c,,

MPUXOJUM K HEPABEHCTBY

r(1 >[yg’;§ <. (16)

Ouenum cuu3y 1 (1). Ucnons3ys kpaessie yciaosus B (11), moayuaem:

byr(0) + byr(1) =1 — (k(1)r'(1) - k(O)r'(O)),

OTKYJIa, C YU€TOM paBEHCTBA

k()P (1) — k(0)r'(0) = fo G
NMEEM
byr(0) + byr(1) = 1 — [ g(0)r(x)dx.
N3 nenoyku HepaBEHCTB
byr(0) + byr(1) 21— [ g(0)r(x)dx = 1 — gr(1)
CleLyeT, UTo
r(1) >

[Monw3ysch (15)u (17)u3 (16) monyuaem HepaBeHcTBO (13).
Jdemma 2. ITycmo k(x) € CH[0,1],f(x),g(x) €C[0,1],0< g° < g(x) < 3,0<c; < k() <c,

b1+b2+g (17)

sctooy na [0,1]. Toeoa pewenue 3aoauu (12) na ompesxe [0,1] 6ydem nonosxcumenvhoti, cmpo2o

youvigaroweu @yukyueu. [lpu smom umeem mecmo HepageHcmeo

1 [Ak(1)ch(A(1—x))+bzsh(/1(1—x))z_i

bi+by+g Ak(1)ch(A)+bysh(d) <q(x). (18)

JloKa3aTeabCTBO JIEMMBI 2 IPOBOAUTCS 110 aHAJIOTHH [2]c 10Ka3aTeIbCTBOM JIeMMBI 1.
Teopema 2. ITycmob K(x)€ C[0,1], f(x),g(x) € C[0,1],0< g° < g(x) < g,

0<c; < k(x) < ¢, 6c100y na [0,1]. Toeoa onsa pewenus 3adauu (1)-(3) umeem mecmo oyenka

b, (clch(/lf) + b, sh(AE))z_i

1
< — 1-
lu($)l < 7o 11l by + by, + g\ cich(A) + by sh(A)

by (clch(/l(l — £)) + by sh(A(1 — g))>§—i 9)

bi+b,+g c,ch(2) + bysh(R)

Jlnis oKa3arenbCeTBa TEOPEMbI BOCIIONb3yeMcst npenctaBienueM (9) pemenus 3amaun (1)-(3) ¢

nomoIneko ¢pyHkuuu I'puna:



1 1 § 1 1
u@® = [ 6 OFdx = ¢ [ rea@Fdx + 7 [ O dx
0 0 §

¢ 1
= %Ig(f)fr(x)f(x)dx +7(8) j q(x)f(x)dx‘ .0
0 £

rae r(x) u q(x)- pemwenus 3agaq (11)u (12).

3ameTuM, 4T0:

a)f; r)dx < - [7 gr(dx == [ (k(r' (0) dx = = (k(©)r'(©) = k(@' (0); (21)
6)f; a(x)dx < [ g dx == [ (k(x)q' (@) dx = = (k(Dr'(1) — k(Or'(§)); (22)
Torma
@l < ¢ o Iflle* [4@ @' @) = kO (0)) + @ ((Dq' (1) = kEgEN] = ¢ o
Iflle * (K@) (@r' () = 7§’ () + () ((Dg' (1) ~ q(Ok(O)r' (0] = - IIfllc- (1 +
S (r(Ok(Dq' D) - qOKO)'(0)).  (23)

Bocrmonb3yemcst kpaeBbiMu yeroBusimu B (11) ,(12).Vuuteisast, uto C = r(0) = q(1), u3 (23)

IOJIy4aeM OILICHKY.
(Ol < - lIflle(L = b2q(§) = bir(©) - (24)

U3 onenok (24), (13)u (18)caemyer oneHka perieHus B TOUKe &

b, (clch(Af) + b, sh(lf))z_i

1
(1= —-lIflle ll " by + by + g\ c;ch(A) + by sh()

by [(crch(A(1— &) + by sh(A(1 — O\
" b+ b, + g-< c,ch(2) + bysh(d) > '

C yuerom cBoiictB (ynkumii (x), q(x), U3 MOCIETHETO TOIyYaEM AIPHOPHYIO OLEHKY PEIICHHUS:

c2

1 b, ( Cq )C1 b, ( Cq )C1
< — — —
Ielle < 9o 171l ll bi+by+g \c1ch(A)+by sh(d) b1+by+g \c1ch(D)+bysh(A) |
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